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Prolog

Erik W. Grafarend and H-RT:

Ekkehart Kroner (1919 — 2000):
» Lehrstuhl fiir Theoretische Physik, Clausthal (1963 — 1969)

» Lehrstuhl fiir Theoretische und Angewandte Physik, Stuttgart
(1969 — 1985)

SFB 228 Hochgenaue Navigation — Integration navigatorischer
und geodatischer Methoden

Berlin, 13 February 2015 2/15



The tangent bundle of the sphere

Sphere S?: Prominent example of a differential manifold
® Sphere plus tangent planes: tangent bundle TS?
®* TS2is example for a fiber bundle:

Basis manifold M is S2, fibers are the tangent planes T,S?

®* Vector field: section of the fiber bundle
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Parallel transport of vectors on S?

®* Comparison of different tangent spaces by parallel
transport along a path

®* Levi Civita connection

* Covariant derivative:
D,w:= e“(axw“ + Fv“kwv)
'Y, - Connectioncoefficients
Paralleltransport: D,w=0

* Curvature: transport along closed path rotates vector
(holonomy)

* Rotation angle:

Ao = IdQ (6, ¢)

encircled
area

k = Gaussiancurvature

* For description of parallel transport and curvature:
attach rotation group SO(2) at each point, yields
principal bundle (S?,S0(2))=(S?,SY)
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Fiber bundles

® Consist of a basic differential manifold M

® Ateach point attached: fiber F, which is either copy of a vector
space (“vector bundle”) or of a (gauge) group (“principle

bundle”)

®* Prescriptions for glueing the fibers together e.g. Moebius strip
(S4R)

®* Prescription for parallel transport : covariant derivative and
curvature

D,w:= ej(éij + Fiiw‘): (@ +L
" : Connectioncoefficient matrix

Curvature tensor:

i i i i I il
RJMV = auriv o avrju + Flurjv . rlvrju
R =0T -oI' +|I',
=nv H=v V=p |l=p'=v

®* Topological guantum numbers, e.g. for 2d tangent bundles:
Euler characteristic:

1
= [dO«(6,0)=2—
X 2nML «(6,¢) g
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Fiber bundle in cosmology

TR®R?)or R®R?,S0(13))
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Fiber bundle in electrodynamics

Classical relativistic physics:

- pt— E/C iyt — M
e Fourmomentum: p" = 5 , four velocity: v* =p /m

¢ In electromagnetic field: v" = l(p“ — qA“) A" = {
m

Quantum mechanics:

e v cC,i.e.sectionthrougha (R ® R3,C)- bundle

e Parallelian?

h h . h
pl—l —)Tau, V;.l = —(au _I_A“j E-_Dp

h im

Im

Dv=0=vy=y, exp{i%jdx“Av}
%/—)
phase changeeU(1)

o (R®R®,U(1))principlebundle

Topology:
e Curvature equalsthe electromagnetic field tensor

FHV = aHAV _aVAH Cp Epv = aHEv _aVEu + Ep’gv]

[0 -E, -E, -E,]
- _|Ex 0 B, -B,
w~|E, -B, 0 B,
E, B, -B, O

e Topologicd quantumnumber:First Chernnumber

ch® = % [ dx'dx*F,

2d closed submanifot
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Magnetic monopole of strength y

e Vector potentialand electromagnetic field tensor (actingon C):

—iA, =0, —iA, =vicosb, iF, =visind
e Cp.Levi-Civitaconnectiononthe sphereinorthonormd basis(acting on Rz):
1=“9—,1=“(p—1 0 cos,=e(p 10 sin
i i
1 21 b
. cop® = _
e Firstchernnumber:ch'’ = o IO d@jode Fo, =27
R)
e R®R?U(): Electromagnetism
« (R®R® U(1)®SU(2)): Electroweak interaction

Stronginteraction

. (R®R?SUQ)):
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The Berry phase

e Quantummechanicalgroundstates dependenton parameter& :|m(£))
e £ eM parametermanifold
e Example: Spin-1/2 —particlein magneticfield of fixed strength, but

arbitrary orientation :M = S?, & =(9,0)

e |m(¢))is determinedup to a phase factor ", systemis fiber bundle (M, U(1))

e Adiabaticmotionandenergygap:
particlesremainininstantaneous state |m(¢))
e Circularmotion: phase change,holonomy
e CovariantderivativeD, =0, —iA with
Berry connection A, =i(m|a,m)
6Vm>—<8vm‘8um>}
e Firstchernnumberfor 2d parameterspace

Berry curvature F =i {<8um

ch(M) = Zi [ dx'dx*F,
LY

e Examplespin-1/2-particle:

-iA, =0, -iA, :i%cose, iR, =i%sin9, ch®” =1
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The Quantum Hall Effect (von Klitzing 1980)

ko b
KQ | p Xy

10-

conductivity A

e 2dcrystalinmagneticfield
¢ Ey = pyxjx Jx = nyEy

1 h e?

b pyxzﬁg ny:_n

y magmetic field
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The Quantum Hall Effect

e Wave functionslabelledby wavevectork = (k,.k,) ‘ ()> (|;1Sulaior n=0
a
e Wavevector spaceis also periodic: keR2m00<K1,K ) T? \ANANANNA
e Principlebundle(T?,U(1)) Quantum Hall
State n=1

‘ Hasan MZ, Kane CL 2010 RMP 82, 3045

e Kubo transport formulafor Hallconductivity :

= Z — szk 1U‘52U <2u‘81u>}

R s 2
1 27
keT gggggled Torus Bermy curvatureF12
2
== >eh(T2,U()
— w occupled
K2 bands
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The spin quantum Hall effect

—

e Restriction on the base manifoldby timereversalsymmetry: k = -k
e Newbase manifoldT?/ =

e New classificationby v € Z, = {0,1}

e HgTe/CdTe quantumwellstructuresin 2d

e Spinpolarizededge currents

e Bi, Sb, in3d,surface currents

Conduction Band

Conventional v=0
'y Insulator

B} a |(b
K1 / ( ) : EF( )
k=-keT? 4
TN\
- Quantum spin

— Hall insulator v=I

K, Valenc? Band

—n/a 0 k —-m/a

Hasan MZ, Kane CL 2010 RMP 82, 3045
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Summary

®* Up to 1980: Quantum numbers based on symmetry
* Easy to break, lift of degeneracies
® Since 1980: Topological quantum numbers

®* Robust
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Congratulations and best wishes, Erik
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