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Rainer Burghardt

New Embedding of the Schwarzschild Geometry
Exterior solution

We embed the Schwarzschild geometry in a five-dimensional flat space by
using two surfaces. Covariant field equations are deduced for the gravitatio-
nal forces.

1. Introduction

It was pointed out by L. P. Eisenhart [Riemannian spaces, Princeton 1925]
that if any n-dimensional Ricci-flat metric can be embedded in an (n+1)-di-
mensional space, the metric is a flat metric. Thus, if the Schwarzschild metric
is interpreted as the metric of a four-dimensional Riemannian space, one
needs six dimensions at least for embedding. E. Kasner [Am. Journ. Math. 43,
126, 1921] proved this in particular for Einstein spaces and proposed for the
Schwarzschild metric an immersion in six dimensions [Am. Journ. Math. 43,
130, 1921]. One of his co-ordinate lines is calculated by an integral. Its solu-
tion has no closed form.

In order to avoid difficulties with the theorem of Eisenhart and Kasner,
our new approach is to use two correlated four-dimensional surfaces embed-
ded in a five-dimensional flat space. Then the Schwarzschild metric is the
common metric and the Ricci tensor is the common Ricci tensor of both sur-
faces. This double surface may be interpreted as a single surface, the real
world we are living in, with an additional function invoked by the second sur-
face. It will be shown that the theory of a double surface is easily established.
In chap. 2 we set up a general frame for spherically symmetric gravitation
fields, in chap. 3 we specialize this frame to Schwarzschild geometry.

2. Five-dimensional formulation

Firstly, we develop a general five-dimensional formulation that could serve
for four-dimensional Schwarzschild geometry and probably for other static
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spherically symmetric gravitation models. If the X¥are the components of a
vector with value X with respect to a cartesian co-ordinate system, a sphere of
radius X is parametrized in spherical polar co-ordinates by

X¥ = X singsin9sing

X? = X singsingcos ¢

X! = Xsingcos § @2.1)
X% = X cosesiniy

X* = X cosecosiy

Differentiating (2.1), we find the tangent vectors to the spherical co-ordi-
nate system

dX® = {dX®,dX?,dx*,dX° dX*} = {Xsinesin3de, X sined9, Xde,dX, X cosediy } (2.2)

and the operators for partial differentiation 0, = @, , which are inverse to
(2.2). In this co-ordinate system, X* has the only component X° = X. The
line element in these co-ordinates is

dS? = X?sin® esin® 9de” + X* sin® d9” + X?de” + dX* + X? cos’ ediy? (2.3
which reduces to the line element on the sphere for X = const. We also could
read off from (2.1) the transformation coefficients D(iy,,9,&) from cartesian
to spherical co-ordinates, which are elements of the group SO(5). From the
theory of coset spaces we get for our sphere S*= G/H=S0O(5)/SO(4), where H
is the group of transformations in the tangent space of S*. The generator of
the infinitesimal rotation in the [a,b]-plane is the operator Q, =- Q,.- By
differentiation of D we find

DD = evaeQuSeQza‘PeQmi\vde*Qoa‘\ve*Qzawe*leSG*va
o Lyx 1 1 2
=Qy v ax* + [on v +Q,; x cote}dx (2.4)
1 1 1 1 1
J{Qw; + mecote + Qszmcot S}dx3 + [Qw X Q‘u;tana}dx“

Defining the connection coefficients and covariant derivative in the sphe-
rical polar system by

Xabc = Di’éaDg'v Xa(bC) =0, &, =0, - Xbacq)c (25)

we can read off from (2.4) their components
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1 1
xml=§, XZOZ:? X, ==cote

1 s 1 1 2.6
X, == X.°=—cotg X, =——cot9 . (2.6)
0o X ¥ Xsing

1 1
X =% Xt = - tane

The 4-bein m, =€l b, =e?,c, =e,u, =e: defined on the sphere makes pos-
sible an alternative notation for the connection coefficients:

Xabc = Mabc + éabc + éabc + L,Jabc
Mabc = ma[mhmc - mch:| ) éabc =b, [ébbc - bbé°:| . @7
CA:abc =C, [ébcc - Cbéc:| ) Oabc =U, [Obuc - ubOEJ

The set of covariant derivatives

Il
[ss}}
o

Ma:b = Ma,bvéa;b

l"\Ja;b =
has the advantage that a tensor of an (n-m)-dimensional subspace covariantly
differentiated by the (n-m)-method of (2.8) is also a tensor of the same (n-m)-
dimensional subspace. The derivatives have the nice property

ab Mbachl ab = Ca,b - Mbaccc - Bbacc

c

(2.8)

(e

ab MbaCUc - BbacUc - CbaCU

c

maih = o’ ba;h = o’ Ca;b = o’ ua;h =0. (29)

This method is a powerful tool for formulating covariantly field equations
and (n-m)-dimensional Gaussian theorems. Inserting the relations above in
the Ricci tensor

Rab = Xabc,c - chc,a - Xdacxcbd + Xachdcd =0. (210)

the equations for (2.7) decouple:

. o o e (2.11)
Mcc -i-’\/lcl\/lC =0, Bcc +BCBC =0, Cc;c +CCCC =0, Ucc +UCUC =0
where
ST 1 a2 1 ~ 1
M = = y = y =
A x' Il Xsing' I 7*l Xsinesing’ % Xcose (212)
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are the curvatures of several circular intersections of the sphere (the inverse
of the values of the curvature vectors) and the equations (2.11) are the field
equations for the curvatures of these intersections. They will constitute a ge-
neral frame for Schwarzschild field equations and possibly for other static
gravitational theories. The Einstein equations

G = —[I\A/Ib:a +(m,m, — gab)I\A/IC;lc + ltab} - [éb;a +(b,b, — 9,,)B% + ztab}

(2.13)
—[ébéa +(C,Cy — 0y )Coe + 3tab} - [Ob;a + (U, — ,)0% + “tab} =0
exhibit the conserved® quantities
It = MM, +(m,m, — g, MM, ', =0
’t,, =B,B, +(b,b,- g,,)B°B,, Ztaib =0 2.14)

3%, =C,C, + (c,c,— g, )CC.. 3ta*’éb -0
‘t, =00, + (Uu, -9, )00, *“t°,=0

Cutting off the extra dimension (a, b=0), the Ricci tensor on the sphere
X = const. has the well known form

P :%gmn , mn=1..4. (2.15)

For later use we note

Xo=1 X,=0,a=cosg Vv=sine ,a,=0,a,= —%, Vy=0,v, :% . (2_16)

3. The four-dimensional theory
We expand the relation x_x* = x2to

Xy = X )(X* =X*) = X* | (3.1

where the x* are the co-ordinates of the tip and the x*those of the tail of the
vector x*. To begin with, we reduce the dimensions of our problem to
XX} =R}, (X%} ={RT}. Then it is easy to show that Schwarz-
schild’s parabola and Neil’s parabola? (evolute of Schwarzschild’s parabola)

1 There does not seem to be any relation to physical conservation laws.
2 We only use the positive and negative branch respectively.
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= 2(7 ¥
2 _ _ 2 _ “(1 _ 3
R? =8M(r-2M), R®= M( ZMJ (3.2)

satisfy (3.2), if X =4/2r®/M is the value of the vector of curvature x* of the
Schwarzschild parabolaand the relation ¥ = 3r isused. Since all curves parallel
to Schwarzschild’s parabola with respect to their normals have the same evo-
lute (3.2), equ. (3.1) is satisfied by this family of curves and Neil’s parabola.
These curves and their orthogonal trajectories, which are straight lines and tan-
gents to Neil’s parabola set up a co-ordinate system in the [0°,1’]-plane. Ro-
tating these curves through the angles 8,¢, iy, an all-over-space curvilinear co-
ordinate system suitable for describing Schwarzschild theory is fixed. The
Schwarzschild parabola by rotation through ¢ and ¢ creates Flamm’s hyper-
paraboloid. The real image of the imaginary rotation through iy of (3.2), first
equation, is a hyperbolic-parabolic surface. Neil’s parabola is rotated in the
same way and generates the second surface. For the description of the double-
surface theory we use the variables {nR.7,R, 9,0,y }. Since the evolute is the
same for the Schwarzschild parabola and all curves parallel to it, one variable
is redundant and can be eliminated by (3.2), second equation. Therefore, we are
left with six variables {r,R,T,9,¢,iy } inagreement with Kasner’s proof. The dif-
ference to Kasner is that three of them are necessary to describe the geometry
inthe [0”,1°]-plane. We will see that the spherical structure of group space dis-
cussed in chap.1 and its map to a parabolic double surface provide the possi-
bility for embedding Schwarzschild geometry in a five-dimensional flat space.

Restricting ourselves to two dimensions again and rewriting (3.1) and
(2.1) as

R-RP+(r-T)P=X% X=XrFRR), X°=Xcose=Xa X'=Xsine=xv, (3.3)
we extract the all-over-space functions

R-R (T (3.4)

r,T,R,R) = " v(r,F,R,R) = ~ a?+vi=1,
Evidently, these quantities are constant along the straight lines of the co-

ordinate net but vary along the parallel curves. Defining the derivatives with
respect to local reference systems spanned by the co-ordinates defined above

60—ai+vg, N i+a @, =0,0
orR or OR 0
0 0 0 (3.5)

_ ’a vV —, 5 = O
° "R or ! oR or !
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and applying this on (3.4), we get

\' a \ a
a|0:0« a|1:_§xV|o:07 V|1:§7 a|6:0| aﬁ:Yme:o‘ Vﬁ:_Y' (36)

We note, that the slope of the parabola and its parallel curves is
—tane = —v/a, Where g is taken to be cw for later convenience and has the ran-
ge [n/2, 0]. v is negative for the positive branches of these curves. For the
straight lines with ascent dr/dr=a/v and for the curves with ascent
dR/dr = —v/a the tangent vectors are

dx°® = adR + vdr :%dr, dxlz—vdR+adr:§dr , (3.7)

and for Neil’s parabola with ascent dR/dT = a/v

d%° = adR + vdR :%d?, dx* = —vdR +adr =0 . (3.8)
The change of the vector of curvature

dXx? = {dx° - dx°,dx"} (3.9

has three contributions: dx° by proceeding from a curve to a neighboring cur-
ve, dx° on the evolute and dx* on the parallel curves of the net by constraining
the motion of x* to one of these curves.

Considering the Schwarzschild parabola (3.2) and applying the relations
below (3.2), we get, from (3.4),

a=\1-2M/r, v=—/2M/r , (3.10)

where v is the velocity of a freely falling observer and a’l the Lorentz factor of
this motion. The vector of curvature constrained to Schwarzschild parabola is

P = X| o =V/2r M, 2,p(r) = -3% , (3.11)

where the second equation of (3.11) deserves some attention. In contrast to
the all-over-space function X(r,R,T,R),d,X=0, the changes (3.11), second
equation of p(r) can be measured on the Schwarzschild parabola. For better
understanding we interpret p(r) as the parameter of the family of orthogonal
trajectories of the parabola, where p = const. denotes a specific line of this fa-
mily. Therefore, we can take p(r) as a potential and o,p(r) as the gradient of
this potential. Thus p(r) is a well-defined function on the Schwarzschild pa-
rabola. With the aid of (3.3), (3.4) we are able to split the space-like tangent
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vectors of the group space into the tangent vectors of the two surfaces of ro-
tation
dX?* = Xvd9 =rd9 -7d9, dX®=Xvsin3de =rsin9de - Tsindde . (3.12)

The time-like vector results from two surfaces of translation with a topo-
logy different from those of the space-like surfaces of rotation. The Schwarz-
schild co-ordinate time element is the infinitely small area

dt=pdy (3.13)

arising from the transport of p along the hyperbolic intersections of the sur-
faces of translation by dy. The physical time element

dx* =ipady =iadt (3.14)
is the projection of this area onto the plane normal to the symmetry axis of the
parabola.

With the definition of the projector (the upper index refers to the group
space and the lower index to the double surface)

P§:p§:¥, p:pg:P;:p:%, p2

= 1 (3.15)

parabola 4 ‘ parabola

we are able to calculate the induced metric (m, n =1,2,...,4)
dx® = (P™edX?, ds? =g, (PP )hdX?dX"® = p?de? +r?d9? +r2sin® 9d¢? — pZa’dy?.
(3.16)
As we have to take for the parabola the constrained functions (3.10) and
(3.11), second equation, we get with dv=ade dv(r)=(Y/p(r))dr and
p(r)de = (1/a(r))dr the Schwarzschild metric
ds? = a2dr? +r2d9? +r?sin? dg® — a’dt?, a=.1-2M/r - (3.17)
We note that (3.17) is not the metric on the surface created by rotation of
the Schwarzschild parabola but the metric of this surface with an additional
function p(r) invoked by the second surface. This we call the physical surface.
4. The field equations

By use of the projectors, we derive the connection coefficients and the cova-
riant derivative due to the displacement dx®

aa = P:éb’ Aabc = P:thcr (I)a|||b = (I)a|b - Abac(bc (4-1)
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and we recover the projectors (3.15) by X%p»=P; in contrast to
X% =82, X¥» =Dy .From (2.6), we get new quantities

M, ==, B, = c,=2 c,=tcots, u, =L u =LY (4.2)
r r p pa

o |k

and a set equivalent to (2.7). Inserting (3.10) into U,, we get for U, the
Schwarzschild gravitational field strength - . We obtain the projection of

the Riemann tensor by o

Rabcd(A) = 2|:A b cdla] +A [bcTA a]fd +A [ba]fAfcd}
PP Rnc’(X) =R, (A) + 2X "Ly =0 (43)
We note that R,,.'(A) is the curvature tensor of the physical surface defi-
ned above, but not the Riemann tensor of one single member of the double
surface discussed in chap. 3. But we also note that the description of a double
surface is fairly equivalent to the description of a single surface. Thus it is not
surprising that gravitational field equations may be interpreted in the frame-
work of a double surface theory. Evaluating the last term of (4.3), we have to
pay attention to the case where the motion of o is constrained to the parabola.
The action of

p_ XCRTR)
p(r)
on a quantity is to interchange the functional dependence. Differentiating p
we then have to use (3.11). Instead of (2.11), we get, from the contraction of
(4.3), the field equations

Maquu +MM, =M,P,, Ba\yb +B.B, =0, Ca@b +C.C, = Oanu\b +UU, =U,P,
) (4.4)
P,=0, P,=3p2
: ' v

If all terms with summation over the extra dimension are isolated, the
four-dimensional reduction of (4.3) can be written as

Rmnrs('A) + ZmnrS = O‘ ZmnrS = AnrOAmOS - 'AerAr\OS + 2X‘rspt (45)

[mlin]
where the extra term Z supplies the components

3 4

4
=2y =2

2 3 4 4
Ziyg =2y =2y =2y = !

2141

2
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expected for the Schwarzschild theory, and R,,/(A) has Riemannian proper-
ties. As z,_ " =0 the embedded physical surface is Ricci-flat. In four dimen-
sions (4.4) is less amazing, though there are more expressions on the right
side of these equations, having their origin from the extra dimensions. There-
fore we restrict ourselves to noting the Schwarzschild Ricci tensor in a cova-

riant form?3

R, (A)= —[Bm”n + BmBn} “b.b, [B’”, + B'B,] - [cm”n + cmcn} —¢c,c, [C’”r + c’c,]

. (4.6)

_[UmU" + umun} —u,u, [u*u, N u’ur} =0,Byy 1 = 0.Cippy = 0. Uy =0

[mIn] [miin] =
2 4

The Schwarzschild gravitational field strength g = - u, differs from New-
ton’s analogue g, = —km/r? by the factor o =a™=1/v1-2M/r and is increasing
towards the center of gravitation stronger than g,, and tends towards an infi-
nite value at r = 2m. As the last bracket of the field equation vanishes, we have

divg = ¢ 4.7

where g” is the energy density due to the self-interaction [H.-J. Treder, Ann.
d. Phys. 35, 137, 1978; H.-J. Treder, W. Yourgrau; Phys. Lett. 64A, 25, 1977]
of the gravitational field. By integration over the volume

w121

jvdvzjjjarzsinSdrdsmp,
00
r, being the radial Schwarzschild co-ordinate for the surface of a stellar ob-
ject, we get

[, divgdv = ankml[ofr,) - 1] (4.8)

If we compare (4.5) with the corresponding Newtonian expression
J'divgNva =-4nkm we find the field energy to be repulsive, as a negative
mass would be. The co-ordinate r of the flat embedding space is not suitable
for describing the radial line element dx* = (1/a)drat the vertex r=2m of
the Schwarzschild parabola. With the slope dR/dr=-v/a we also get
dx*=-(1/v) dr. At the vertex the tangent vector dx*=dr is normal to the
symmetry axis of the parabola. The physical surface is regular everywhere
and there is not much room for time journeys and all that in our purist geo-
metrical picture. As M is the parameter for the mass of a stellar object cove-

3 If four-dimensional labels m,n,r are combined with the operator for covariant differentia-
tion than only the four-dimensional components of the connection coefficients are used.
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ring a region from r=0 to r,, the exterior Schwarzschild solution has to be
extended beyond r, by the interior solution. The geometrical properties of the
space-like part of the interior solution has been elucidated by L. Flamm
[Phys. Z. 17, 448, 1916]. The space-like interior metric is the metric of a
sphere with radius r. One easily finds a relation of this radius to the Schwarz-
schild parabola: p(r,)=2R [R. Burghardt, New embedding of Schwarzschild
geometry. 1. Interior solution, ARG 03-2001, http://arg.at.tf] Since any rea-
listic model of a stellar object has to be described by a complete solution, the
Schwarzschild throat is covered by a trough, and problems with ‘sin-
gularities” don’t occur. H.-J.Treder et al. [Mercier, Treder, Yourgrau; On ge-
neral relativity and gravitation, Berlin 1979] considered a general ansatz for
a time-dependent Schwarzschild solution which reduces via Birkhoff-theo-
rem to the complete static Schwarzschild solution.

5. The freely falling system

We envisage now an interesting example of the action of the group H, the
group of transformations in the tangent space of the sphere S*. The transition
to a freely falling system (in this chapter denoted by primed indices) is per-
formed by the transformation

Hf =H} =cosiy=a, H)=-H; =siniy=iav, a= 12M' V:—,/@ (5.1)
r

which is a generalized Lorentz transformation if referred to the physical sur-
face. The covariant differentiation in terms of the freely falling system in-
cludes the inhomogeneous term A:

Gy = H:Hg' Doy =Dy — Ab'a'cvq)c' - Xn'a'cvq)c" Ab'a'cv = sz e =10 ap XAVI’ = X41 =% (52)
but it would be rash to combine this inhomogeneous term with the connection
coefficients, as is usually done in tensor analysis. One could show that with
the transformed quantities

A - 1 - 1 -

M, =M, B,=—, B,=—, B,=-, 0,=0, 0,=a0, 0,=-iav0, (3

and with the definitions
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2 MeByy =By — Ay By — M, B,

[%

ah = cA;a',b' - Ab'a'cycc' - Mb'a’C'Cc’ - éb'a'cyéc' (54)
0,00 =0,y — A0, W1, 0, — B, 0, — 6,50,

the system of field equations (2.11) - (2.14) is invariant under the transforma-
tion of H. As the projectors P? are invariant too, the same holds for the sys-
tem of equations (4.4) and (4.6). The primed field equations just stand for the
predictions a freely falling observer would make for the physics of a static ob-
server. The constituents of the field equations transform like tensors under H,
but this is not surprising. The geometrical background of the quantities
are expected to be invariant.

Now we have to investigate how to formulate the physics of the freely fal-
ling observer. For this purpose, we rearrange some terms in the primed versi-
on of the Ricci tensor. We will show this only in short. As under H the bein
vectors combine to

‘m, =Him, +Hju, =82, 'u, =H{m, +Hju, =3,
the components of M and O get mixed under this transformation

v'\’)la'b’cy + Ioa'b'cy = H:’HE’HE’[MabC + ljabc] + Aa’b'c'

Ba'b’Cv = H:'Hg'Hcyé C' 'éa'b"?' = H:’HE’Hgéahc

c —ab

(5.5)

We now have made use of the inhomogeneous transformation in the con-
ventional sense, but we still have to analyze this procedure in greater detail.
Starting with (2.4), we reformulate the connection coefficients in such a man-
ner that they are expressed by the covariant change of the angles

g% =¢, 9% =9sing, 9” =9Ycose
0* = psinesing, ¢* =@cosesing, ¢* =¢cos9, y* =ycose, y* =ysing

M, = ea, Bu' = Foa, Cu' = o U, = yoa - (5.6)

al

Evidently, any combination of one of these quantities with A, = ¥ in-
dicates the change of two angles. Therefore, we conclude that the inhomoge-
neous transformation of a connection coefficient is a rule of how to generate
from a geometrical object a new object with new geometrical properties. This
idea is important for the physical interpretation of these objects as field
strengths. If u,° is the field strength for a static observer then ‘v, is the
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field strength a relatively accelerated observer would experience in terms of
his proper system. The transformation (5.5) results in
My =, M, =—, B,
X
We now drop all primes for the rest of the chapter. The new set of covari-
ant derivatives is

-8, ¢, -¢, 0,-L. (5.7)

M., =M, - UbacMc v Bap =B — MbacB - UbacB
U S (5.8)
Ca'b Ca,b _Mba Cc _Bba Cc _Uba Cc' Ua;b = Ua,b

3

The evaluation of the Ricci tensor leads us to the same set of equations
(2.11). The five-dimensional field equations are form invariant, if a transfor-
mation of the reference system in the tangent space and a correlated inhomo-
geneous transformation are simultaneously performed. The projected
quantities

M, = {i,o,o,o,—i}, B, = {X,E,o,o,—il}, C,= {X,},%cots,o,—il}, U, = {1,0,0,0} (5.9
p

p p rr r rr r
with a=0,1....4 satisfy (4.4), since

0 9 1 i
0,=2,0,=-v—,P,=0,P,=3—,P, =3~
1 ar 4 ar 0 1 pV 4 p

No gravitational field strength occurs in (5.9) but there are the tidal forces
M= B =Y ¢ -V (5.10)
2r r r
stretching and squeezing a falling object. From an earlier stage of develop-
ment we get from (4.3) instead of (4.6) the field equations for the static system

Ron(A) = —| My —m M, m' + MmMn} —m,m, [ M+ MM, ]
_ :Bngm +B,B, }— b,b, [B’! o+ B’B,} 6.10)
| Cun cmcn} —c.c, [Cf.z.r + c’c,}
_ _Unum + umun} —uu, [U'u, N u’u,} -0

where the first two brackets are empty. For the freely falling system we get
the same equations, but the last two brackets are empty. The four-dimensional
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field equations have the same invariance properties as the five-dimensional
ones. We recover a theory for freely falling systems in Schwarzschild geo-
metry, developed by us in an earlier paper [Found. Phys. Lett. 8, 575, 1995].

6. Conclusions

Although most people are of opinion that six dimensions are a presupposition
for embedding Schwarzschild geometry, we have been able to show that five
dimensions are sufficient for embedding. There are no contradictions to the
proofs of Kasner and Eisenhart, if we make use of two correlated embedded
surfaces, which demand the introduction of six variables. Amazingly, it is rat-
her easy to deduce a geometrical theory for a double surface, because this
double surface is a map of a single spherical surface of the group space. The
Schwarzschild Ricci tensor refers to both surfaces of the double surface sys-
tem and vanishes without demanding the Riemann tensor to be flat. Moreo-
ver, the theory provides a fully covariant representation of the Schwarzschild
field equations. They are co-ordinate invariant, Lorentz invariant and form in-
variant.
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